7 5 Vol.7,No. 5
1999 10 OPTICS AND PRECISION ENGINEERING October, 1999

1004-924X( 1999) 05-0119-10

. k
Zernike
BEA  F O A%y EEE
(1 FEMFREEANER 0 B 210042)
(2 AETAEAE Jt3= 100089)
Zernike
5 N Householder
, , Zernike
Zernike Gram Schmidt Housebolder
TH703 A
1
W(x,y) w(xi,yi)m, W(x,y)
Zernike t
n  Zernike
w(x,y) = Zi(x,y) + qZ2(x,y) + + qnZa(x,y)
=4z (1)

m wi(xi,y),t= 1,2, ,m

aj = Zi(xi,yi),i= 1,2, .m;j= 1,2, .n

:1999- 03- 03
:1999- 07- 05



120 7
(1) (m> n)
algi + aizq2 + + amngn= w1
aziq1 + anq: + + amgn = W2
(2
amig1 + am2q? + + Amnn = Wm
Ag= W (2')
A= ((lij) mX n s = (ql,qZ, 9q”)T7W: (wl,w% ’u)”l)T

(2) , . .
qlﬁq27 ,qn,

) ( ).

? 2

Schmidt : ’
=W , Householder A ’

2

2.1 Gram-Schmidt

’ 2

’ Gram-Schmidt
V’ 9
|4 Zernike VA ’
V= DZ
,D di v
0 rit#% r2
Z‘Quz={l )
ri=r2
, O
Gram-Schmidt d
0 1<
i- 1 !
dij = I:ZZ"Z_ ZI(ZZ;'V,)Z]Z i=j
i- 1
\_ Zldiid"{z ZiVJ 1>

qr  gn
s Gram-
Aq
Zernike
q

(4)

(3)

(6)



5 Zernike 121
(H (4
W(x,y) = ¢Z=qD 'V=B'V (7)
B'= qTD—l
g= D'B  B= (Bi,B:, ,B) (8)
V .B
Bi= Zw(xi,yi)‘/i (9)
(8) q,
2.2 15l
Gram-Schmidt s
A Zi Z ,
1 m _ _ 1 m o
Aw = ;Z l(Zzn' - Zy)(Zi—- Zi) = ;LZ leiZli - IiZi (10
_ 1 m )
Zj = ;zlz,ﬁ (=12, ,n), Aw= Au
Gram—-Schmidt n  Zernike ) n
All AIZ Aln Al,n+l
A2 A2 A2 A2nri
A nl AnZ A nn A n,n+ 1
[6]
AI] AIZ Aln ql AI,IH—I
Axn A2 Al | q2 A2ns
o RIEE (11)
A nl AnZ A nn qn A n,n+ 1
Zernike , Wi(x,y)
tel 0% = A Lnt 1 — Z ]qun+ 1j
2.3 Householder
(3)
A'Ag= A'W (12)
K(A'A), K(A), K(A'A)= K'(A), K

(A= 177



122
: A'A , ,
,  Householder A )
Householder
Householder s
1 Householder
H=I- 2ud (13)
, u ,u RN ul 5= u'u=1
, Householder H : (HT: H), (HTH
=1 (H’= 1)
Householder H u R T Z"
(71 ) )
1 _
1 utr 0, PpP= E" al °, H=1- 0 'wd Householder
Householder s
2 x R',o==%=1 xIl , X% - (e, Householder H,
Hx = - 0ei (14)
ei(1,0, ,0)"
u= x+ e, p= %II ull 2, H=1- 0 'ud’ Householder
p= %(x+ ge)'(x + Oer) = %(II Xl 24 2001+
= 0+ Oxi
_ o (x+ Oe)(x+ o)’
Hx= (I- P uu)x= x- (0’2+ o)
=x- (x+ 0&1) = - Oer
, u P , o )
ur= x1+ 0
ui= xi(t= 2, ,n)
P= o0+ x1)
o x1 , ui , . 0= sign(x1)ll xl
s U X



5 Zernike 123
x R"’ 0-7 p7 ua Hx: (I_ p_ ]uu”')x= — gei
@® 0= Sign(x1) a1+ x3+ , + xn
@x1cui= x1+ ¢
®p= Ju1
? ’ X
u P , Householder H
O M=l
@uicu=xidN (= 1,2, ,n)
® o= Sign(u1) ui+ w3+  + un
@u —uw+ 0
@ P= ow
®g-"No
A Rmx "’ A aj= (aljv az, s (L"!}')Tv
j= 17 2’ 2 n
) A= A= (al7 a, an), 2, xX=a= (an, ax, ,am])T, o= +
1 _
Ixllw= x+ ger, = 71l wl Hi=1- 0 'wn, Ha= e, o= - 0,
o al? an
0 a¥ as
A= HA =
0 a' a
,  X= (a&?, ,aid| " R, 2 Ho=In1— 5wy R™ V0,
1 0
mX n , H>= .
0 H'"»
o @ od ai
0 o ad a)
A3= H2A>= | 0 0 o ) A= Hi 1Ak 1= R n B
= = 3 |, = Hi- 1Ar-1=
‘ 0 G D
0 0  an aﬁ)l,
. n>m
) r=min(m— 1,n) , A= H'H~-1 H2H1A=
nsm
) w= (u};,k, wk+ 1,k, N um.,k) T ak, pl Ok A



124 7
un X x x
uu  un o« x
Unl um X x
P
X ot )
, H , HA ( A= (a,a, .a»
), HA= (Ha.Ha>. .Ha), Ha
Ha= (I- P'uya= a- (P 'uu')a (15)
, H=1- 0 '’
A R"" r=min{m- Ln}, Householder H.H: ,
H, A+=HH-1 HA , Householder Hi= I- 0 'wut
w= (0, ,0,um, , LLmk)T, Wik ai,, P Amr 1,k , A Uik
( Rr+1 ) Ok am+ 2,k s A

=12, -, @)
@) = max{ | aikl Vs
® N0

i am+ 1.h= 0

il k ;
Qait cui= %5 (i= kk+ 1, .m);

@ 0= Sign(u) Wit + wk
@ ukk= ukk+ Q5

®am: 1.k — Pi= Ous;

@am+ 2.k« 0= — n()';

j=k+ Lk+2, .n,

m

1 = O IZ Uikt

1 aij—ai— Tuk (= k. k+ 1, .m):
©) mS< n, amt2m—qgn= gmin

H':D, |, (8) , H' D D
> 1 3
m> n, mn = 3n ,
0= HH-: H (16)

Ar+1= QA

Householder Householder (2)



Zernike

125

A )
3
0A = o
R n ,O0 (m— n)xXn ,0 (9
m ow n C (m-n) d,
B
ow = i
R C- Rq
o= o= o= [ - 3 0= [
0 ,
ISl 2= 1 @8l >= I C- Rqll >+ 1l dll *
q.,
C- Rg= O
[ .. (20 ISl =1 dll >,
0
o o]
(21) .n
Rq=C
q )
(18) (21) (22
, HH-1 HW ow, 0
Q' 6
A R" , A N
- W- Aq , o
®© =12 .n W-HW
@Ci= wi (i= 1,2, ,n)
©) Rg= C
@ wi=0 (i=1,2, ,n
® i=n,n-1, .1
W—HW

(19)

B

(17)

(18)

(19)

(20)

(21)

0
Q5 = d

(22)

(22)

Householder
1,



126 7
2; f(xvy) ’ P
, Zernike g(x,
y)v w(x’y):f(x’y)_g(x’y)v W(x»}’) pP-v RMS ’
3
Table 1 Data from a real wavefront ( fringe order and coordinates)
coordinate of the image center point ( XC = 965, YC = 1100) radius R = 500
the figure with shading represents the coordinate X ;
the underlined figure is the fringe order-
Coordinate
v - -3 -2 -1 0 1 2 3 4 5
1540 828 934 1025
1460 761 856 945 1034 1134 1250
1380 685 780 863 949 1030 1125 1226
1300 595 706 790 868 946 1028 1117 1214 1339
1220 622 713 794 869 947 1026 1113 1208 1322
1140 634 725 798 874 954 1033 1121 1205 1327
1060 512 646 729 804 884 962 1041 1123 1214 1326
980 510 647 739 817 893 971 1049 1130 1220 1343
900 641 736 820 895 979 1055 1143 1239
820 613 729 815 901 986 1070 1160 1278
740 710 813 902 989 1081 1190
660 813 913 1015 1132
Table 2 The Zernike polynomial coefficients from two different algorithms
item Housholder covariance matrix item Householder covariance matrix
1 5.427926E0 5. 42763E0 20 2.817164E- 1 2.814276E- 1
2 1.408930E0 1. 409159E0 21 2.654130E- 2 2.657814e- 2
3 - 1.810653E0 - 1. 810711E0 22 5.615170E- 3 5.372822E- 3
4 2.755189£0 2. 7546340 23 3.570307E- 3 3.575357E- 3
5 2.937777E- 2 2. 943707E- 2 24 - 2.661590E- 2 - 2.670163E- 2
6 - 6.527254K- 1 - 6.531707E- 1 25 - 8.517817E- 3 - 8.575439E- 3
7 8.377225E- 1 8. 379200E- 1 26 2.391989E- 1 2.392499E- 1
8 9.195976E- 1 9. 197510E- 1 27 - 2.036670E- 1 - 2.037312E- 1
9 7.432610E- 2 7. 407740E- 2 28 3.165893E- 2 3.168977E- 2
10 - 8.335545K- 1 - 8335499k - 1 29 - 3.307827E- 3 - 3.395677E- 3
11 1.572843E0 1. 572351E0 30 — 2.387464E- 2 - 2.3845202E- 2
12 8.704625E- 2 8. 7108 76K - 2 31 - 3.681429E- 2 - 3.693016E- 2
13 - L.115767E- 1 - 1. 119794E- 1 32 1.373663E- 2 1.374274E- 2
14 3.105965E- 1 3. 106627k~ 1 33 - 2.508924E- 2 - 2.517268E- 2
15 - 2.359183E- 1 - 2.360796E- 1 34 1.330564E- 2 1.330002E- 2
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Table 2( continue)

item Housholder covariance matrix item Householder covariance matrix
16 - 9.894806E- 1 - 9.89619%4E- 1 35 6.433435E- 3 6.414015E- 3
17 8.414636E- 4 8. 927174E- 4 36 1.953641E- 3 1.953245E- 3
18 - 2.064192E- 3 - 2.259672E- 3 P-v 9.649459E- 2 9.650947E- 2
19 - 2.479020E- 1 - 2. 478814E- 1 RMS 1.890423E- 2 1.890421E- 2

Table 3 Different mathematical descriptions of wavefront and the P-V,
RMS value with different algorithms

. s PV RM S
mathematical descripitions
Householder covariance malt rix Householder covariance matrix
(x2+ y?)? 1. 693002E- 2 1. 693332E - 2 3.017007E- 3 3.016843E- 3
- 2x+ 3xy?+ 3x? 3. 809254E- 2 3. 809467E - 2 6.788266E—- 3 6.787919E- 3
yi 4 - x%5 6. 348757E- 4 6. 348407E - 4 1.131378E- 4 1.131315g- 4

1+ 62— 662+ 6y*
+ 12%%y% + 623

3. 809254E- 2 3. 809900E - 2 6.788266E- 3 6.787911E- 3

Sx 1. 265654E- 14 4. 863739E - 5 2.076015E- 15 1.000861E- 5

1- 62— 6x2+ 6y°

+ 12%%y2 + 623 6. 348757E- 2 6. 347907E - 2 1.131378E- 2 1.131324E- 2
+ xt+ oyt
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Algorithms for Wavefront Fitting Using Zernike Polynomial

YAN JingZhou', LEI Fan’,ZHOU BiFang', GAO Zhi-Qiang'
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Chinese A cademy of Sciences, Nanjing 210042)
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Abstract

Several algorithms for wavefront fitting using Zernike polynomial are studied. In order
to avoid the computational error introduced by direct constructing normal equation group,
the algorithms can be divided into two classes. One is Gram-Schmidt or covariance matrix
method, in which we transform the base function set to meliorate the condition of the normal
equation group- The other is called Householder transformation method, in which the matrix
of inconsistent equation group is orthogonalized and triangulated using Householder transfor—
mation, and then the Zernike coefficients can be worked out by using a backsubstitution
technique. It is proposed for the first time. Being a method that can avoid the computational
error effectively and can be easily performed, it has proven to be a feasible and efficacious al—
gorithm.

Key words: Wavefront fitting, Zernike polynomial, Gram-Schmidt orthogonalization
method, Covariance matrix, Householder transformation
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