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Abstract:To evaluate the form error of a sphere, a novel method based on the genetic algorithm was devised.

In the paper , the problem about sphericity error is reviewed firstly. Secondly, the mathematical model of the

sphericity error under the condition of minimum zone is deriv ed from the mathematical definition of the cir cu�
larity , and the fitness function of the algor ithm is given as w ell. Thirdly, t he crit ical such as selecting t he ini�
tial value, initialing the population, and deciding genetic operators, etc. in the pr ocess of the algo rithm imple�
mentation are described in detail. F inally, t he method is verified by the examples in the literatures 1 and 2.

The theor etical analysis and computation results indicate that the designed method not only conforms to the

minimum zone condition but also assures a g lobal so lution, and is easily implemented. I t is accurate and effi�
cient in solving the problem of dimensional and to ler ance evaluation.

Key words: sphericity error ; fuzzy inference; genetic algorithm

CLC number: TH166 � � Document code:A

1 � Introduction

� � T he spherical surface is an important geomet�
rical feature in the industry f ield. Because of the

rapid improvement of high technologies, the de�
mand for the machining precision of spherical sur�
face becomes more and more st rict, such as steam

float ing bearing. On the other hand to decrease the

uncertainty of measurement results, the spherical

surface used as datum feature must be more precise

than the calibrated parts, for example the standard

sphere on the Coordinate M easuring M achine

(CMM ) . T herefore the inspect ion and evaluat ion

of spherical parameters have been paid attention to.

Although there is no definit ion of sphericity in

the dimensional and tolerance standard, much re�
search work has been done in the aspects of toler�
ance criteria and assessment alg orithms. Recent ly,

the ex ist ing approaches are mainly based on the

least squares sphere, minimum zone sphere, m ini�

mum circumscribed sphere and max imum inscribed

sphere, among which the technique of least squares

sphere is quite mature and accepted w idely. But for

other cases there have no efficient and uniform

methods now adays. The minimum zone sphericity

error using the minimum potent ial energy theory

was analyzed, w hich assumed an imag inary spring

was located between the concentric spheres con�
taining all sampling points[ 1] . The infinitesimal

analysis method w as used to analyze the character�
ist ics of the sphericity function in the neighborhood

of a local opt imum solution[ 2] . A model_based ap�
proach to form tolerance evaluat ion using non_uni�
form rat ional B_splines was presented which must

be under the conditions of computer aided de�
sign[ 3] .

In the paper based on the genet ic algorithm, a

novel method of sphericity error evaluat ion is pro�
posed. T he genet ic algorithm is used to search the

optimum solution iteratively, and at the same t ime

a fuzzy inference_based scheme is used to select the
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variables upper and lower bounds. In terms of the

characterist ics and advantag es, the genet ic algo�
rithm shows its global search ability in the nonlin�
ear optimization. It deals with codes of solut ion not

solut ion itself ; the search process of the algorithm

starts with the populat ion of solution not a sing le

solut ion; it just uses the fitness function not the

derivat ive or other aux iliary information; and it u�
t ilizes probable but not determinist ic state t ransfor�
mation rules.

2 � Mathematical model of sphericity
error evaluation

� � According to the minimum zone condition, the

sphericity zone can be defined as the minimum ra�
dial separat ion of the concentric spheres containing

Fig . 1 � Illustration of spher icit y zone on the cross_section

containing the sphere center.

all sampling points. T he evaluat ion methods are

based on the maximum inscribed sphere ( M IS) ,

minimum circumscribed sphere ( MCS ) , least

squares sphere ( LSS) and minimum radial separa�
t ion ( MRS) spheres. In this paper, just the MRS

is considered. Extended from the def init ion of cir�
cularity zone, the sphericity zone on the max imum

cross_sect ion of the sphere can be expressed by e�
quat ions ( 1) ( see Fig . 1)

[ 1�4]
.

T̂ � ( P_A) = 0

P_A _r  t
2
,

(1)

Where: A is the sphere center; T̂ is the radial di�
rect ion f rom A to any sampling point; P is any

sampling point ; r is the distance from the sphere

center to the middle of the tolerance zone; and t is

the tolerance size.

T herefore, the sphericity evaluation under the

condit ion of m inimum zone is to search the center

A, which makes smallest the separat ion of the

max imum distance and the m inimum distance be�
tween A and any point .

A can be given as A ( a+ ! ai ( T ) , b+ ! bi

( T ) , c+ ! ci ( T ) ) , a, b and c are the init ial val�
ues of the center coordinates and T is g enerat ion

number. !a i ( T ) , ! bi ( T ) and c i ( T ) are the

random variables betw een ( _k , k ) , where ( _k, k)

are the given variables upper and low er bounds de�
term ined by the concrete problem ( described lat�
er) . Then the distance r j i betw een the j th point

and A ( a + !a i ( T ) , b + ! bi ( T ) , c +

! ci ( T ) ) can expressed as equat ion ( 2) :

r j i = { x j_[ a+ �ai ( T ) ] } 2+ { yj_[ b + �b i( T ) ] } 2+ { z j_[ c + �ci( T ) ] } 2

= rj i( ai , b i , ci) , ( 2)

where: ai = a + �a i ( T ) , bi = b+ �bi ( T ) , ci =

c + �ci ( T ) . Then the object ive function can be

def ined as equat ion ( 3) according to condit ion ( 1) :

G i ( �a i ( T ) , �bi ( T ) , �c i ( T ) )

= min{max} [ r ji ( ai , bi , ci ) ] _min[ r ji ( ai , bi , ci ) ] } ,

(3)

So the f itness function is given by equation ( 4) :

f itness( �ai ( T ) , �bi ( T ) , �ci ( T ) )

= G i ( �a i ( T ) , �bi ( T ) , �ci ( T ) )
_1
, (4)

If the algorithm ends at the generation T 0 and ob�

tains the i 0 th variable ( ! a
i
0( T 0) , ! bi 0( T 0) ,

! ci 0( T 0) ) , the accuracy is up to demand, then A

and r can be given as follow s:

A = ( a + ! a
i
0( T 0) , b + ! b

i
0 ( T 0) , c + ! c

i
0 ( T 0) )

r =
r max + r min

2
� � � � � � � ,

( 5)
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Where: r max and r min are the maximum radius and

minimum radius at the i 0 th variable of the T 0 th

generat ion.

3 � Genetic algorithm and its imple�
mentation techniques

� � The genet ic algorithm is an adaptive and prob�
abilist ic search algorithm w ith an iterat ive proce�
dure that simulates the evolution process of the na�
ture. It g enerally consists of the following

steps[ 5�6] :

( 1) Init ialing the population: select m indiv id�
uals in the variables∀ range as the initial popula�
t ion.

( 2 ) Select ing superior individuals for next

g enerat ion: according to select ion probability and

select ion schemes, randomly select m chromo�
somes, and reject the inferior ones.

( 3) Crossover operat ion: in terms of crossover

probability, crossover times and st rategy, takes

tw o individuals and produce two new indiv iduals

( 4) Mutat ion operat ion: the genetic locat ion

is replaced w ith a new random value according to

the crossover probability, crossover times and

scheme.

( 5) Evaluat ing the populat ion: in terms of the

fitness function compute the f itness deg ree of every

individual and determine the best chromosome. If

the chromosome is the desired solut ion, end the

evolution; cont inue steps of ( 2)_( 4) called a gener�
ation unt il the solut ion appears. The evolut ion pro�
cess is show n in figure 2. P ( t) is the populat ion of

the t th generat ion.

T he Implementation techniques of the genet ic

algorithm in the problem are given as follows:

( 1) Selecting the init ial variable

T he least squares solut ion is used as the init ial

v alue of the sphere center ( a, b , c) because it is

proved to approx imate the ideal solut ion so that the

proposed algorithm can converge rapidly .

Fig . 2� Implementation process of genetic algorit hm.

( 2) Represent ing the chromosomes

T he orig inal representat ion w ay is binary. For

the purpose of high accuracy and eff iciency , the re�
al number is used to express the chromosomes,

which conforms to the pract ical parameters, name�
ly one gene is corresponding to a real number.

Michalew icz has proved that more natural represen�
tat ions are more eff icient and produce bet ter solu�
t ions[ 7�11] . Let v i = [ �a i , �bi , �ci ] , v i is the ith

chromosome ( variable) w hich is composed of three

genes, namely ! ai , , ! bi and ! ci .

( 3) Initialing the populat ion

Let the populat ion size = POP_SIZE. Ran�
domly select POP_SIZE groups of variables w ithin

( _k , k ) , namely, i = [ �a i , �bi , �ci ] , i = 1, 2,

#, POP_SIZE.

In order to get the opt imum solut ion rapidly

and to assure the parallel search successfully, the

variables∀ init ial upper and low er bounds can be

given by the fuzzy inference. First ly according to

least squares solution select a rough value. Then

reselect the value in terms of the inference rules and

the evaluation result. Since the init ial error is big�
ger, a big ger bound value should be given. But
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w ith the solut ion approaching the accurate value,

the bound should be smaller, see figure 3. Let C 1

be the least squares sphere and O1 it s center, and

let C i ( i = 2, 3, . . . . ) be the center after the ith

genet ic iteration and O i it s center. With the gener�
ation number increasing , ei ∃ 0, Oi ∃ Omzc ( O mzc

is the center of the minimum zone sphere, namely

the searched solution)

Fig . 3 � Selection of the variables∀ upper and lower

bounds.

Let k�( �is a, b or c) be the size of variables∀

upper and lower bounds, the fuzzy inference rules

are as follows:

If e i bigger, then k
� bigger;

If e i litt le big ger, then k
� litt le big ger;

If e i smaller, then k
�
smaller.

( 4) Evaluation the populat ion

According to the fitness funct ion ( 4) , com�
pute the f itness degree of every chromosome and

check whether the best one is satisfied or not .

( 5 ) Genetic operations: select ion, crossover

and mutation

Select ion: T he roulet te w heel based method

developed by Holland is the f irst method. Here st ill

use it to select the superior individuals. The proba�
bility P i for each individual is defined by:

P[ individual i is chosen] =
F i

%
POP_SIZE

j = 1

F j

, (6)

where F i equals the fitness of individual i . Accord�
ing to the select ion probability, the indiv iduals

with bigger values w ill be selected to make up of

the new populat ion.

Crossover: T he simple arithmetic crossover is

used to g enerate tw o new individuals for the popu�
lation. It produces new chromosomes by tw o com�
plementary linear combinat ions of the parent chro�
mosomes. F irst ly randomly produce a uniformly

dist ributed number r between ( 0, 1) . If r < p c ( p c

is the crossover probability given by experience and

experiment) , randomly select two chromosomes v i

and v j ( i , j = 1, 2, #, POP_SIZE) as the parent

individuals for crossover operation, then the pro�
duced chromosomes v&

i and v
&
j can be expressed as:

v
&
i = rv i + (1_r ) v j

v
&
j = (1_r ) v i + r v j ,

(7)

� � Mutation: T he mutat ion st rategy is to ran�
domly select a mutation gene and alter it w ith a

new random number. Through mutat ion a new in�
dividual can be obtained in one operat ion. F irst ly

random ly select one gene in terms of the mutat ion

probability. Then replace it with a new value gen�
erated in the bounds of the variables randomly.

T hrough the above genet ic operations from

generat ion to generat ion, the genet ic process w ill

be terminated by some termination criteria when

the accuracy of the solut ion is up to need.

4 � Examples for verification of the
algorithm

� � T he verif icat ion examples are quoted from lit�
eratures 1 and 2. The computation condit ions are

shown in table 1 and the results of genet ic iterat ion

in table 2. T he experiment results indicate that the

solut ion of ex ample 1 is 0. 558 m smaller than the

least squares solution, w hose accuracy is increased

by 7�04%. And the solut ion of example 2 is

0�34101mm smaller than the least squares solu�
t ion, w hose accuracy is increased by 10. 18%. Fig�
ures 4 and 5 illust rate the relationship between

sphericity error and iterat ion t imes. T hey also indi�
cate that the algorithm rapidly converg e to the ac�
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curate solut ion w ith the generat ion increasing.

Table 1 � Computation conditions

Computat ion

data

Initial sphere

center

Populat ion

size

Mutat ion

probability

Crossover

probabil it y

Group 1a ( 0. 0, 0. 0, 0. 0) 30 0. 08 0. 35

Group 2b

( _0. 2796,

_0. 6585,

_0. 0006)

30 0. 06 0. 15

a. Simulat ion data in literature 1 as show n by ap�
pendix 1;

b. Simulat ion data in literature 2 as show n by ap�
pendix 2.

Table 2� Computation results

Computation

dat a

I terat ion

sphere

center

It eration

radius

It eration

t imes

Iterat ion

error

L east

squares

solution

Group 1a

( 0. 000993,

0. 000024,

0. 000058)

1. 005446 287 7. 928 m 8. 486 m

Group 2b

( - 0. 412356,

- 0. 335014,

_0. 326140)

15. 312686 366 3� 351375mm 3� 692380mm

a. Simulat ion data in literature 1 as show n by ap�
pendix 1;

b. Simulat ion data in literature 2 as show n by ap�
pendix 2.

Fig . 4 � Relationship betw een spher icity erro r and itera�

tion times in literatur e 1.

Fig . 5 � Relationship betw een spher icity err or and itera�

tion times in literatur e 2.

5 � Conclusion

� � Genet ic algorithm simulates the natural pro�

cess of evolut ion based on the strateg y of ∋ fittest

for survival(. The better individual ( solution) can

be obtained after such genet ic operat ions as

crossover and mutat ion, etc. It is an effect ive

method to solve the nonlinear problem of the form

error evaluat ion. Through parallel search and itera�

t ions, it can assure that the solut ion is the global

one in the solution space[ 12] . The fuzzy inference

simulates human intelligence to make decision,

which can help the algorithm converge to the solu�

t ion rapidly. T he examples show that the algo�

rithm is eff icient , and easy to interpret and can

give an accurate solut ion.
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Appendix 1. Simulation data quoted in literature 1

No. x y z No. x y z

1 0. 81814 _0. 43615 _0. 38525 26 0. 36179 _0. 07902 0. 93410

2 _0. 80885 _0. 53045 0. 27905 27 _0. 78624 0. 20326 _0. 59063

3 0. 03749 0. 90643 _0. 42737 28 _0. 46529 0. 69616 _0. 55167

4 0. 86935 _0. 27403 _0. 42518 29 _0. 93402 _0. 02267 _0. 35813

5 _0. 50786 _0. 07441 0. 86060 30 0. 43016 0. 49319 _0. 76122

6 0. 75348 _0. 67012 _0. 00610 31 _0. 46929 0. 11501 0. 88119

7 0. 05867 _1. 00773 _0. 00198 32 0. 60788 _0. 41130 0. 68580

8 _0. 17486 0. 60442 0. 78297 33 0. 70712 0. 46598 0. 53998

9 0. 71121 _0. 50123 _0. 50042 34 0. 67398 _0. 38068 _0. 63956

10 _0. 47493 _0. 51466 0. 71992 35 _0. 06245 _0. 50544 0. 86696

11 0. 06016 _0. 74129 _0. 67432 36 _0. 09577 0. 96216 0. 26433

12 0. 05337 0. 02006 1. 00515 37 0. 29318 0. 79379 0. 54237

13 0. 29869 0. 87920 0. 38988 38 _0. 39873 _0. 68009 0. 61867

14 _0. 15488 _0. 86697 0. 48585 39 _0. 30833 _0. 07805 0. 94937

15 0. 38994 _0. 00060 _0. 92592 40 _0. 70424 _0. 64359 0. 31476

16 0. 00776 0. 73922 0. 68741 41 0. 67010 _0. 17187 _0. 72841

17 0. 62090 0. 52006 _0. 59341 42 _0. 12359 _0. 70688 0. 70559

18 0. 00952 _0. 03493 _1. 00376 43 _0. 09694 0. 64820 _0. 75729

19 _0. 44592 0. 76584 _0. 47827 44 _0. 13014 0. 04876 0. 99815

20 0. 01069 0. 99511 0. 11265 45 _0. 28485 0. 86262 _0. 43728

21 _0. 93371 _0. 17351 _0. 33160 46 0. 16745 _0. 11142 _0. 98603

22 _0. 48121 _0. 69836 0. 53717 47 0. 00946 _0. 00746 1. 00873

23 0. 50394 0. 86933 0. 03322 48 0. 15374 _0. 33634 _0. 93141

24 0. 80924 0. 07332 _0. 59398 49 _0. 44828 0. 85926 _0. 25853

25 0. 84569 0. 06876 _0. 53570 50 _0. 61673 _0. 28843 0. 73859

Appendix 2. � Simulation data quoted in literature 2

No. x y z No. x y z

1 6. 594000 0. 000000 11. 421143 14 _11. 058732 8. 034639 _7. 892000

2 12. 740966 0. 000000 7. 356000 15 _6. 243993 4. 536527 _13. 367968

3 15. 196000 0. 000000 0. 000000 16 _6. 627467 _4. 815137 14. 188960

4 14. 535370 0. 000000 _8. 392000 17 _11. 571592 _8. 407254 8. 258000

5 7. 258000 0. 000000 _12. 571224 18 _11. 462152 _8. 327742 0. 000000

6 2. 374487 7. 307918 13. 309078 19 _10. 758862 _7. 816772 7. 678000

7 4. 096674 12. 608267 7. 654000 20 _6. 400942 _4. 650557 _13. 703986

8 4. 074080 12. 538729 0. 000000 21 2. 539502 _7. 815783 14. 233994

9 3. 751984 11. 547420 _7. 010000 22 4. 275442 _13. 158458 7. 988000

10 2. 411569 7. 422045 _13. 516924 23 4. 552438 _14. 010964 0. 000000

11 _6. 781180 4. 926816 14. 518049 24 4. 478831 _13. 784424 _8. 368000

12 _10. 122691 7. 354566 7. 224000 25 2. 443088 _7. 519053 _13. 693593

13 _12. 442681 9. 040137 0. 000000
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基于遗传算法的球度误差评定

崔长彩,车仁生,叶 � 东,黄庆成
(哈尔滨工业大学 自动化测试与控制系,黑龙江 � 哈尔滨 150001)

摘要: 首先对球度公差评定问题进行了综述。然后根据圆度公差的数学定义, 引申提出球度公差最小区

域条件下的评定模型, 并给出遗传算法的适应度函数。随后给出算法实现中的关键问题。最后用实例

对算法进行了检验, 计算结果表明基于遗传算法的球度误差优化算法不仅符合最小区域条件, 而且易于

理解和实现, 能够获得全局最优解,保证了高精度、高效率。
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